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Abstract

Numerical methods of finding transient solutions to diffusion problems in two distinct phases that are separated by a
moving boundary are reviewed and compared. A new scheme is developed, based on the Landau transformation. Finite
difference equations are derived in such a way as to ensure that solute is conserved. It is applicable to binary alloys in
planar, cylindrical, or spherical geometries.

The efficiency of algorithms which implement the scheme is considered. Computational experiments indicate that the
algorithms presented here are of first order accuracy in both time and space.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction

For physical systems of inhomogeneous composition, diffusion is often observed to cause a change of
phase, even in material held at a constant temperature. Understanding these phase changes is important,
since the microstructure of an alloy can have a profound effect on its properties. They are also central
to many engineering processes, including the homogenisation of layers of foils [1] or powder blends [2]
and the solidification of ‘transient’ liquid phases [3,4]. Phase changes can equally be induced by the diffusion
of solute from some external source. Although the conditions of these processes are rather different, they
are equally industrially important, arising, for example, in problems of gas storage [5], and in the surface
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Nomenclature

¢ = ¢(r,t) concentration

ca = c(s(t)”,t) equilibrium concentration of phase A in contact with B
cg = c(s(t)",1) equilibrium concentration of phase B in contact with A
Coo = ¢(00,0) far field concentration

Da = Da(c(r,t)) diffusion coefficient in phase A

Dy = Dg(c(r,t)) diffusion coefficient in phase B

k geometrical constant

M,N  number of discretisation points

p = p(u,t) concentration (in phase A)

q = q(v,t) concentration (in phase B)

r position

R position of far boundary

s = s(¢) interface position

s=3(t) = dfi—(t’) interface velocity

t time

u proportional position (in phase A)

v proportional position (in phase B)

dv spacestep (in phase B)

A constant related to geometry of system (1, 2 or 3 for planar, cylindrical or spherical, respec-
tively)

a constant between 0 and 1

K growth rate constant

Subscripts are used to denote discretisations of space
Superscripts are used to denote discretisations of time

modification of particular components (either deliberately, through processes such as aluminisation [6], or

unintentionally, as during the decarburisation of steels [7]).

Diffusion-controlled phase changes can be described with reference to the situation drawn schematically
in Fig. 1, where the concentration of solute (¢) varies with position (r). Differences in chemical potential
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Fig. 1. Schematic illustration of the concentration profile in the vicinity of a transient liquid phase. Although the diagram represents a
planar geometry, the techniques developed in this work can also be applied to cylindrically and spherically symmetric geometries.
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energy are likely to be associated with such inhomogeneities, providing a driving force for the diffusion of
matter. Composition profiles in each phase therefore also depend on time (7).

It is routine to use differential equations, commonly called ‘Fick’s laws’, to model the way in which com-
position profiles evolve under the influence of diffusion [§8]. Formulae of this type have been the subject of
much research and are well understood. However, in the present context, the analysis is complicated by the
fact that diffusive processes occur simultaneously in two distinct phases.

The concentration of one phase in contact with the other is generally fixed by a thermodynamic con-
straint. But the rate at which solute diffuses towards the interface through phase A and the rate at which
it is removed into phase B are not necessarily equal. In order to conserve solute, therefore, the interface
between the two phases must move. Writing the interface position as s = s(¢), the following set of differential
equations can be used to model the complete system [9]:

el % _ % <r"‘1DA(C(i’, t))acérr,t))’ 0<r<s(o), (1)
e acg’; 1) _ % (r"‘DB(c(r, 1)) ac(arr’ t)>, s(t) < r <R, )
e I e B T 2

The first equation describes diffusion to the left of the interface, in phase A; the second equation refers to
diffusion in phase B, to the right of the interface; the third describes the moving boundary condition at the
interface, and is derived by requiring that solute be conserved there (subject to the assumption that it is at
local equilibrium i.e. the concentrations are given by the equilibrium concentrations ca and cg). Together,
they form a coupled system of non-linear differential equations.

Although Fig. 1 illustrates the planar case, these formulae can be applied to any geometry for which a
single parameter is sufficient to describe a location unambiguously. Egs. (1)—(3) can therefore be used to
describe cylindrically or spherically symmetric systems, where radial distances define positions uniquely.
A=1, 2 or 3 is a parameter which describes the geometry of the system (planar, cylindrical or spherical,
respectively).

Many of the situations in which diffusion-controlled phase changes are encountered typically involve
isothermal conditions. In order to model these processes, it is therefore reasonable to assume that the
diffusion coefficients in Egs. (1) and (2) are functions of composition only, and the equilibrium concen-
trations in Eq. (3) are constant. Evidently, it is possible to construct models that can describe the behav-
iour of a system under non-isothermal conditions, or which incorporate the effects of heat flow. However,
the scope of the present work is limited to the isothermal case. In addition, the Gibbs—Thompson effect
will be neglected.

To complete the expression of the diffusion-controlled moving boundary problem, conditions at the fixed
boundaries » = 0 and r = R as well as initial conditions must be stated. For the modelling of processes such
as homogenisation, zero-flux boundary conditions are most appropriate. A consequence of such conditions
is that the solution must conserve solute. This is the case that will be considered in the present work. The
most suitable initial conditions depend on the nature of the phase-change that is to be modelled. For the
kind of homogenisation operations described above, the concentration at every point lies in a one-phase
region of the phase diagram. But many metallurgical applications involve initial compositions that lie in
the unstable two-phase region. In precipitation reactions, for example, a stable phase region grows from
a supersaturated matrix (whose concentration lies somewhere between c5 and cp).

Some closed form solutions to Egs. (1)—(3) are known [10,11]. However, these formulae are only valid if
the diffusion coefficients Do and Dy are assumed to be independent of concentration. In addition, they are
restricted to semi-infinite geometries in which one of the phases is of zero initial size (although the exact
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solution can admittedly be extended to cover the case where neither of the phases is of zero initial size in
planar geometries).

Such highly restrictive conditions mean that it is not possible to construct an analytical model of many
situations that are of practical or industrial importance. In particular, the finite boundary conditions which
are experienced by most real-life applications preclude any such attempt. Recourse must be made to numer-
ical methods of approximating the exact solution to Egs. (1)-(3) instead.

2. Numerical solution techniques

Systems of differential equations with moving boundaries (also known as Stefan problems) arise in a
variety of modelling situations across the sciences; many attempts have been made to solve them numeri-
cally, as Crank has reported in great detail [12]. Furzeland, however, has noted that the most effective ap-
proach to solving a Stefan problem depends on the exact nature of the problem itself [13].

Many of the existing models developed specifically to describe diffusion-controlled phase changes have
been limited to the planar geometry. This constitutes the simplest case, yet is sufficient to model certain
interesting applications, including transient liquid phase bonding [3]. The numerical techniques that have
previously been developed can be broadly distinguished by considering the way in which they discretise
space.

The simplest methods [14,15] solve the diffusion equations (1) and (2) by discretising space with a fixed
mesh and imposing the requirement that the modelled position of the interface coincides with one of dis-
cretisation points. This constrains the motion of the interface: it can only move in a step-wise manner, the
nature of which is determined by the discretisation scheme. As well as being physically unrealistic, this
approximation might additionally be expected to give rise to significant errors, since inaccuracies in esti-
mated interface positions will directly affect the predicted behaviour of the system.

By including the interface position as a continuous variable in the model and solving a finite-difference
form of Eq. (3) to predict its motion, it is possible to overcome this problem. Shinmura et al. [16] did this to
investigate possible interlayer materials for bonding nickel. A similar model was developed by Zhou and
North [17], who additionally introduced a quadratic expression for the concentration profile near the inter-
face (in an attempt to better estimate the fluxes there and thus improve the accuracy of their method).
Extensions to include ternary systems have been implemented by Sinclair et al. [18], and the modelling
of moving boundaries in cylindrical and spherical geometries is possible using the commercially available
DICTRA code [19]. However, the precise mathematical details of this last algorithm remain rather unclear.

Difficulties in tracking the motion of the interface arise because of the discontinuity in the concentration
profile there. Since the chemical activity of each species varies continuously across the sample, describing
the way in which diffusion affects activity (rather than concentration) could potentially overcome these
problems. Then, interface positions could be extracted from the predicted activity profiles, negating the
need to describe the interface position explicitly (and therefore simplifying the analysis) [20]. Existing imple-
mentations of schemes based on this concept have been found to agree very well with known analytical
solutions [21,22].

Although there are numerous advantages to this enthalpy-type approach, it also has a serious limitation:
the algorithms cannot be used to model situations where concentrations are allowed to lie within the (ther-
modynamically unstable) 2-phase region. For many problems of practical interest to metallurgists (such as
precipitation), instabilities of this kind are the very reason that there is a driving force for a change of phase
in the first instance. In these cases, the position of the interface must be modelled directly, using Eq. (3).

Another way of dealing with the discontinuity at the interface is to use a discretisation of space which
takes account of the motion of the interface. Pabi, for example, wrote finite difference equations with ref-
erence to a discretisation at equal intervals of concentration [23]. Effectively, this amounts to reformulating
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the governing equations (1)—(3) in terms of r(c,?) instead of ¢(r,z). Unfortunately, in this new co-ordinate
system, the boundaries at r = 0 and » = R are no longer fixed. This approach does not, therefore, simplify
the problem.

On the other hand, the transformations proposed by Landau [24] do introduce a co-ordinate system in
which all of the spatial boundaries are fixed. Numerical techniques based on this idea were first developed
by Murray and Landis in 1959 [25], although applications to the modelling of diffusion-controlled phase
changes came later, in the pioneering work of Tanzilli and Heckel [9]. Since then, the theory has been ex-
tended to include situations involving more than two species [26], more than one interphase boundary [27]
and concentration-dependent diffusion coefficients [28].

The Landau transformation involves two new positional variables (one for each phase). If phase A ex-
tends from r = 0 to r = 5(¢) (as shown in Fig. 1), u = ﬁ fixes the extent of phase A to the domain 0 <u < 1.
Writing p = p(u,t) to denote the concentration in terms of this new positional variable (which coincides with
¢(r,t) in phase A), the diffusion equation (1) can be written as [12]

~1(0p .udp 0 [“S]Z_IDA op
-5 == — = <u<
] (61,‘ 55 ou Qu s Ou)’ Osust, @

where § = §(¢) = d‘vd—(t’).
r—s(t)

For phase B, the domain r=s(t) to r=R can be described as 0 <v <1 if U= Writing
q = q(v,t) = c(r,t) to denote the concentration in this new co-ordinate system, the diffusion equation (2)
can be written as

1(%q .1—-0v0dq 0 ([v(R—s)+s]"'Dy dq
R— Ll e ) == = 0<v<l. 5
[v(R —s) + 5] <6t SR—s@v) 6v< R % | v (5)
The transformed version of the interface equation (3) is
Da Op Dy 0q ds
—_— _— = — —_— = 1' = U.
s Oul,_, R—sdv|_, [on = eal a vt 0 ©6)

Although the new co-ordinate system has rendered the governing equations (4)—(6) into a form more com-
plex than (1)—(3), it has simplified the problem in that all of the boundaries are now fixed. Consequently,
any of the advanced numerical methods originally developed to solve systems of partial differential equa-
tions with fixed boundaries can be applied to the problem. Since these methods are well understood, it
might be anticipated that accurate solutions will be found more easily using the transformed co-ordinate
system than would otherwise be the case.

A further advantage of using transformed space is that a constant (time-invariant) discretisation of u and
v corresponds to points whose position (in real space i.e. in the r co-ordinate system) actually varies. In
other words, the mesh automatically adjusts itself to accommodate the motion of the interface, as shown
in Fig. 2." It is therefore possible to introduce a non-uniform spatial discretisation that has a higher reso-
lution in locations where large concentration gradients are expected (for example, near the interface). This
can lead to improvements in the accuracy of an algorithm without compromising its efficiency.

The majority of the numerical models referred to above solve equations (1)—(3) (or, equivalently, (4)—(6))
with finite difference expressions that are explicit in nature. There are consequently limitations of the size of
timestep which can be used to find a numerically stable solution. Accurate calculations therefore require a
large computational effort.

! Note that this is not an ‘adaptive mesh’ inasmuch as the location of the discretisation points corresponds to fixed values of  and v;
no re-meshing calculations are required at any time.
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Fig. 2. The Landau transformation introduces new positional variables for which the interval [0,1] corresponds to the extent of one of
the phases. A fixed discretisation of these variables therefore corresponds to points whose position in real space can be considered to be
automatically adjusting to accommodate the motion of the interface.

In order to overcome this limitation, it is possible to construct implicit finite difference schemes that are
stable for any timestep. However, this is not trivial, since the future interface position depends on future
composition profiles (and vice-versa). In other words, Egs. (1)-(3) form a coupled set of equations. It fol-
lows that any implicit scheme must consider all three equations simultaneously. Since the interface equation
(3) is not linear, the entire problem involves solving a large system of non-linear equations at each timestep.
This is potentially very demanding in terms of computing time. It follows that implicit schemes would not
necessarily model moving boundary problems very much more efficiently than explicit methods.

A more fundamental problem with the existing algorithms is that none of them conserve solute.” It is
true that the way in which Egs. (1)—(3) (or, equivalently, (4)—(6)) were derived means that it is possible
to ensure that solute is conserved (by imposing zero-flux conditions at » = 0 and r = R). However, the finite
difference schemes used to approximate the governing equations have, in all cases, resulted in numerical
solutions which do not conserve solute. This problem has previously been identified by Crusius et al.
[29] and further investigated by Lee and Oh [30].

2 This is not true of the enthalpy methods based on a description of the chemical activity gradients (rather than concentration); but
other drawbacks of this method were pointed out earlier, so algorithms of this nature will not be considered any further.
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As an example of this effect, consider the predictions of Zhou and North [17], which are reproduced
in Fig. 3. In order to model the bonding of nickel using Ni-P interlayers, they calculated how the half-
thickness of a liquid layer varies when ca = 10.223 at.% and cg = 0.166 at.%. If the initial thickness and
concentration of phase A is 12.5 pm and 19 at.%, respectively, and if phase B initially contains no solute,
it is possible to calculate a ‘theoretical’ maximum thickness for the liquid layer: approximately 23.2 pm.
This ‘maximum’ is exceeded by the numerical calculations, as can be ascertained from Fig. 3. The same
is true of results generated from a model based on the Landau transformation and a standard discretisation
of Eq. (6) [12], which was run using the same input parameters (D = 500 pm*s~', Dp =18 pm*s~' and
R =3012.5 um) and a similar initial step size (1 pm) and time step (0.01 s).

It is emphasised that non-conservation of solute is an inherent problem with existing numerical schemes,
and is not simply a consequence of computational inaccuracies such as rounding errors. It arises because
the numerical approximations used to calculate the fluxes near the interface when solving the interface
equation (3) are different to those used when approximating the diffusion equations (1) and (2). The extent
to which a numerical solution gains or loses solute depends on the precise nature of the finite difference
forms used. In generally, it is non-negligible and is particularly large when large concentration gradients
are present in the system [29,30]. Some authors have even used this value to estimate the accuracy of their
calculations [28].

Non-conservation of solute is clearly a source of inaccuracy in any numerical model, since the exact
solutions to Egs. (1)—(3) satisfy the physical requirement that matter must be conserved. Yet the accu-
racy of existing schemes is a question that has not been addressed in any great detail. Certainly, the

Conservation of solute
Ni-P bonding experiment

30 — T

Theoretical maximum
liquid layer half-width
LR e =23.2um

L

Interface Position (um)

----- Non-conservative Landau \'.
== == Zhou and North
m— Present work

4 5
0.1 1 10 100 1000 10 10

Time (s)

Fig. 3. Predicted variation of liquid-layer half-thickness with time during the bonding of nickel. The numerical predictions of Zhou
and North [17] are compared with results calculated using the algorithm developed in the present work and results generated by a
scheme that uses the Landau transformation without modifications to ensure that solute is conserved. The theoretical maximum
thickness of the liquid layer (see text) is also indicated.
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amount of solute lost or gained is related to the type of mesh that is used (as well as the details of the
numerical scheme). If errors associated with non-conservation are to be limited, it is necessary to fix a
maximum allowable timestep. Instead of identifying this maximum, previous workers have generally
simply conducted calculations using rather fine discretisations of time. Restrictions of this type are re-
quired both for implicit and explicit schemes, and will obviously affect the efficiency of any non-con-
servative algorithm.

By using alternative finite difference approximations for Eqgs. (1)—(3), it is possible to reduce the errors
associated with non-conservation for both fixed mesh [29] and moving mesh [30] methods. However, none
of the proposed improvements actually render the algorithms conservative of solute. The authors of the
present work have previously shown that conservative schemes can be derived by adopting a different ap-
proach to modelling the interfacial fluxes [31].

These improvements are limited to the planar geometry. Here, a conservative scheme which describes the
behaviour of the diffusion-controlled moving boundary problem in cylindrical and spherical geometries is
developed. The resulting fully implicit algorithm can calculate solutions to a known accuracy for any space-
step or timestep.

3. A conservative scheme
3.1. Derivation

Existing methods of solving the two-phase diffusion problem use finite difference forms based on the
differential equations (3) or (6) to model the motion of the interface. But all such numerical schemes fail
to conserve solute. In order to derive conservative forms, instead of solving for the motion of the inter-
face directly, consider the total amount of solute present in the system. At any time ¢, this quantity is
given by

s(1) ) R 1 )
c(r,Okr*'dr c(r, Ok’ 'dr = ks u, t)us “du+ k(R —s
A (1) +L (1) @Ap<m<m KR - 5(1))

t)
XAqmmm*WW+WWHm

where k is a geometrical constant (k = 1 for the planar case, 2n for the cylindrical and 4= for the spherical).
For the total amount of solute in the system to remain constant, this value must be time-invariant:

%{s(l) /0 () [us(t) " du + (R = s(1)) /O a(6, D[R — s(t))v —&-s(t)])‘ldv} 0. 7

In order to calculate a solution based on this expression, it is necessary to modify the diffusion equations
too. To do so, note that the identities

i1

% =s[us]"" 2—]; + plus)”"s + ps(A — V)us) us and
i1

—a(pu[g:] ) EM[MS];ﬁl % —&-p[us];“*1 + pu(A— 1)[us];‘7zs

can be used to express Eq. (4) as

%(ps[us]’~”) = % <[us]“ {spu + % %}) 0

n
<
N

c
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Similar identities can be used to cast Eq. (5) into ‘divergent’ form:

A—1
aW(R”””%‘;‘S)“} ):a%([u(ze—s)ﬂ]’-l{sq(l—u)+RD_BS2—Z}), 0<v<l. 9)

In the same way that Egs. (1)-(3) or (4)—(6) provide a complete mathematical description of the two-phase
diffusion-controlled moving boundary problem, the physical requirements of the system are fully expressed
by Egs. (7)-(9), though the interface equation is now expressed in an integral form (as opposed to a differ-
ential form). The new formulation is more complicated than both those presented in the previous section,
but it will be shown presently that they can be used to derive a finite difference scheme which conserves
solute (and which might therefore be expected to be more accurate).

In order to derive a finite difference scheme, space is discretised at M + 1 points. The first N + 1 points
are given by a fixed discretisation of u, which corresponds to the extent of phase A. Using a subscript nota-
tion to denote discretisations of space, the points in phase A are written as ug = 0,uy,...,uy = 1, as indicated
in Fig. 2. The last M — N + 1 points are in phase B and are given by a fixed discretisation of v (at
on=0,0541, ..., 0ar = 1). Discretisations of time will be indicated using superscripts (e.g. ).

Now integrate the divergent form of the diffusion equations (8) and (9) around each node over one time-

step. In phase A,
Uil Q ~ A Op
/Mil/2 % ((su) (spu +— a))d dr

Uit1/2 1
/ / —(pssu/ dtdu—/
Uiy S
(DA)1+1/2 op

can be re-written as
1
i+ ; -1 VRV -1 .
(P ) = P (su) Ydu :/ {(Sum/z) (Spi+1/2ui+l/2 +f&

t

Pag Pag

Uir1/2

i+1/2)
ds.
i-1/2

Takmg a constant, p{ , to approximate the variable p’ p(r, #) over the interval “= ‘2+”' =ui1p < U< Uip1)
+"‘“ (and similarly for p/™), it is possible to simplify the integral on the left hand side of this equation:

Ui—1/2

. Dp). 1,0
1 - ( A)i-1/2Op
—(sui-172)" (Spil/zui—1/2 L ——

iz i+1 j+17 j+1. \A—1 -1 H j+1 s j+1 p{
/ P )T = P (su) T Y du (7{4.1/2) —(r” 1/2) }_7{(F{+1/2) (r{ 1/2) }7
Ui—1/2 :

where the notation ”?i1/2 is used for su;+ 1.

To discretise the right hand side of the equation, introduce a parameter o, such that 0 < ¢ < 1. Then, tak-
ing a constant p/ ™ = ap/™" + (1 — ¢)p! to approximate the concentration around u; over the interval between
Y and 7', the integral can be solved to give the following finite difference scheme for diffusion in phase A:

1 ]H i+1 \2 j+l N4 pl y! j y
PR /1 {(’J,Jrl/z) - (”,‘71/2) b= ) = ,+1/z) - (’”H/z) }

v
j+o
5+1/2}
ite \A— - (DA){jf2apj+a .
) { e DO L e, (10

i-1/2
To find the numerical scheme for phase B, Eq. (9) is integrated over one spacestep and one timestep. The
following expression can then be derived:

. A ) ) D )j+<7 a
+ =1 ) cito_j+ ( Alir1/20p
= (”1/416/2) {SH P§+f/2ui+1/2 + BT
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1 ! i+1 \4 i+1 4 i.
S ["; () = G = T )~ () }]

o
i+l/2}
ito . (DB){jzaC] e .
—(f‘l]jl/z) {Sl+ i 1/2(1_Ui_1/2)+R773j+/‘7& l:N+1,N+2,...7M—17 (11)
i-1/2

(DB)]:+U a
IR 4 i+1/2 0q
= (i) {s” il =) + =505

where now rl’fi] , is used for (R — i+ 1p — 5.

The left hand side of Egs. (10) and (11) correspond to the change in the amount of solute in element
i over the interval between 7 =¢ and r=#"". This must be balanced by the right hand side, which re-
lates to the difference between the amount of solute diffusing into the element and the amount diffusing
out (the terms involving D), corrected for the changing size of the element (the advection-type terms
involving 3).

To generate a finite difference form of the conservation equation (7), it is necessary also to derive finite dif-
ference approximations for the concentrations at the boundaries (i = 0, N and M), where Egs. ( 10) and (11)do
not apply. At the moving interface, local equilibrium implies that p), = pf\,“ = ca and ¢, = ¢/' = cp. For the

fixed boundaries, on the other hand, zero flux requirements (%MZO =0 and ¥ i 0) are imposed. Inte-

grating (8) between uy and u;,, and (9) between v, _ 1, and vy, it is possible to derive the relationships

Jj+o
(#*'—#) and
12

Jjto
(F—7).
M—1/2

These equations have been written in such a way as to include the untransformed co-ordinate /. That
notation, which corresponds to the physical position of each node at each timestep, is used as shorthand for
the following relationships:

0 () - %{( ") }{(WJQ’)’ llw oy S,Ei/z >

q’ q’M{

AR = () ) -

i—1
:{ (”5\;61/2)

(R = (r}y 1)}

(DB)jAZl/z 9q

ojto Jjt+o
S0 21 p (1= Onmapp) + =2 5

u;s’/ if i <N,
H={s ifi=N

(R—9)v+s if i>N.

To discretise the interface equation (7), the integrals are converted to finite sums. The difference between
the amount of solute in each element at time #*! and the amount at time # is given by terms such as

PG = (L)Y = ()~ (1)) and
G = () — ) — (),

for which alternative expressions are available (Egs. (10) and (11)). Substituting into the sum given by the
finite difference form of (7), massive cancellation occurs and only terms near the interface are left. The inter-
face equation can be therefore be expressed as
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N—l/2}
Fealls™) = (&) = (47" + (o)) a4 2) = () = (7 + ()
(Ds)i2q)"™ } 0. (12)

J+o
Nt F e PR e T
‘ N—1/2 N—1/24N-1/2 9t ou

+ AT =) ) 1{_$I+U il = ovep) = =5 s N1

Egs. (10)-(12) form a complete discretisation of the problem described analytically in Eqgs. (7)—(9), subject
to zero-flux boundary conditions. The way in which they were derived has ensured that solutions calculated
numerically using these expressions will conserve solute. In view of the paucity of data regarding the way in
which diffusion coefficients depend on concentration for the majority of chemical systems, the remainder of
this work makes the simplifying assumption that they are constant.

3.2. Implementation

In order to calculate a numerical solution using Egs. (10)—(12), particular approximations for the terms
that fall between discretisation points (i.e. at times j + ¢ and positions i * 1/2) must be chosen. It is also
necessary to determine a method of solving the resulting set of simultaneous equations. Since these ques-
tions relate directly to the overall accuracy and efficiency of the algorithm, it is worth considering them
carefully.

It is well known that explicit schemes (¢ = 0) only produce numerically stable solutions to diffusion prob-
lems when the timestep is smaller than some critical value, whereas any value of the timestep can be used
with implicit schemes for which ¢ > 1/2 [32,33]. It is also known that any partially implicit scheme (includ-
ing the Crank—Nicolson scheme (¢ = 1/2)) can give unphysical oscillations in cases where large concentra-
tion gradients are present [32,34].

Large gradients are typical of diffusion-controlled phase changes. In order to generate realistic solutions,
a maximal timestep must therefore be imposed for a given discretisation of space. When the spacestep is
small, this auxiliary condition can be more restrictive than the stability requirement, rendering the methods
very inefficient. Since fully implicit schemes (¢ = 1) are not subject to such restrictions, attention in the

remainder of this work is limited to algorithms of this kind, though the velocity term will be taken to be
S‘/’+U _ s‘f“—s/_‘
1 ¢

Unphysical, oscillating solutions can also be generated if approximations for the terms at intermediate
positions are not chosen carefully. For example, non-monotonic profiles can be predicted if the centred-

j+1

. +1
difference approximation, ILI n= %, is used [34,35]. On the other hand, the first order up/down-wind
approximations:

2 =Pl , = Pl if the velocity is positive (s > ),

Al n= el n= pithif the velocity is negative (51! < ),

do not, no matter what kind of discretisation scheme is used [34,35]. It follows that this type of approxi-
mation is preferable to centred-difference formulae, even though it is only of first order accuracy.

When substituted into Egs. (10)—(12), a set of simultaneous equations is generated. These involve M + 3
unknowns: the future concentrations p)™, ;™. ... pi " gk gh s - -, ¢4 and the future interface position
s 1. Since all of the equations are coupled, if the implicit scheme is to conserve solute, the entire system
must be solved simultaneously. But the fact that they form a non-linear system means that this is potentially
very demanding in terms of computing time.

It is interesting to note, however, that Egs. (10)—(12) are only weakly coupled: if the future interface po-
sition ' ! were known, the diffusion problems (10) and (11) would become linear. (In fact, they could each
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be written as a tri-diagonal matrix equation, a form for which cheap inversion algorithms are available
[36].) Conversely, if future concentrations were known, the future interface position could be calculated
from Eq. (12) relatively easily.

For the planar case, the authors have already shown that it is possible to implement an efficient algo-
rithm based on de-coupling the problem in this way [31]. The approach amounts to ‘coefficient freezing’:
firstly, future compositions are calculated using some fixed estimate of ¢/ '; in turn, the concentration pro-
file is frozen and a corrected estimate for the future interface position is calculated. In order to improve the
accuracy of the estimates, the process is then repeated.

An iterative algorithm that considers Egs. (10)—(12) sequentially therefore obviates the need to solve a
large system of non-linear equations simultaneously. Nevertheless, the non-linear equation (12) must still
be solved at each iteration. Although it only involves one unknown, finding an exact solution is not trivial.
Furthermore, any estimate is likely to be refined by further iterations. Therefore, rather than finding an ex-
act solution to Eq. (12) for a particular frozen concentration profile, it may be adequate simply to find an
approximate solution. In the planar case, for example, a linearised version of Eq. (12) was found to provide
a sufficiently accurate solution without otherwise affecting the algorithm [31].

A linearisation for the spherical case is constructed using some estimated future interface position, s'* !,
and future concentrations, pf“ and q{*l. An approximate root (which can then be used as an improved
estimate of the interface position) is given by s/*!, where

(Siﬂ _Sj) 3(”;/+711/2)2p;;/+711/2“N71/2 (’"ﬁll/z) q/ +1/2( UN+1/2) +CA{((S/+1)2 +5/s + (S/) ) — (( 1/2)
+ rll.\;r—ll/2r1f\f—l/2 + (rf{zfl/z)z)”Nfl/Z} —e{((") + 57+ ()) - ((rﬁvﬂl/z) + ”N+1/2”N+1/2

. ) Dg Q’HI —CB i Dy ca P’
+(’JN+1/2)2)(1 —oynp)}| =30 = 7) {( //v++11/2) — - (’”;vtll/z)z o 1—714,\71]

— s/t UnNyl — 0
(13)

The basis of an efficient algorithm for solving Eqgs. (10)—(12) is now clear — at each timestep:

(1) Take p/, ¢/ and ¢ as initial estimates of p/*', ¢/*' and &/,

(2) Calculate s/*! using Eq. (13).

(3) Update s/ ' using this value.

(4) Calculate p/™' and ¢/ using the tri-diagonal matrices which result from (10) and (11) (along with the
boundary conditions).

(5) Update p/™" and ¢/ using these values.

Steps 2-5 are then repeated until successive estimates of the interface position s'*' differ by less than
some fixed tolerance. If the series of estimates does converge to some fixed value, it will correspond to a
solution of the implicit set of discretised equations (10)—(12).

Computer code implementing this fully implicit and conservative algorithm has been prepared for the
planar and spherical geometries (1 = 1 and 3). In the planar case, de-coupling and linearising the problem
as described above produces a convergent series of estimated interface positions in all of the cases investi-
gated so far. In the spherical case, the series sometimes fails to converge. Problems of this nature arise when
one of the phases becomes very small and the interface velocity becomes very high. In such cases, it was
found that a solution could be generated by decreasing the timestep. Under most circumstances, however,
any discretisations of space and time lead to convergent solutions. The non-convergence of solutions is only
likely to be a problem in investigations where the disappearance of one of the phases is of primary interest.

In the next subsection, various results calculated using the code are presented. By comparing numerical
approximations with the available analytical solutions, the accuracy of the algorithm will be ascertained.
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4. Results and validation

Before addressing any other issue regarding output from the algorithm, it is confirmed that the numer-
ical scheme conserves solute (to within rounding accuracy) in every calculation. Consider, for example, Fig.
3, where it is used to predict how the interface position varies as a function of time for one particular planar
system. All of the calculations use the same input parameters and the time- and space-step in both of the
models based on the Landau transformation are the same. The traces are all qualitatively similar, with one
significant difference: the new scheme does not predict that the thickness of the liquid layer will exceed the
theoretical maximum.

The question of whether the solution is accurate remains. For particular initial and boundary conditions,
analytical solutions are available to describe the motion of an interface which is driven by diffusion [10].
These are all based on Zener’s expression for the concentration profile in an infinitely large matrix phase
surrounding a homogenous growing phase region that is infinitely small at time ¢ = 0 [11]. For this case,
the concentration profile is given by

(1) = o + (C‘MKC)“)IA( JJTB), 1(u) = / T e dy, (14)

where x is a constant that depends on the geometry of the system (i.e. 1), as well as ca, ¢g and ¢ (the initial
concentration of the matrix):

) cg—c¢
26 (Kk)e = 2=
CB — CA

A concentration profile of this nature implies that the position of the interface moves in a parabolic
manner:

s(t) = k+/4Dgt. (15)

The availability of an exact solution affords an opportunity to asses the accuracy of the numerical
scheme. However, the exact solution describes the situation where one phase (A) is initially infinitely small
and where the other (B) is infinitely large, whereas the numerical solution has been developed to describe a
system in which there are two phases, each of which is of a finite size. Despite this apparent difficulty, it is
still possible to compare the two models.

Firstly, note that the finite extent of phase B does not affect the behaviour of the system so long as there
is no diffusion taking place at the far end (r = R). It is therefore appropriate to compare numerical and ana-
lytical predictions at ‘short’ times (when the effect of the far boundary is not significant). Secondly, the size
of phase A is only zero for ¢ = 0. Therefore, if the numerical calculations are initialised using the exact solu-
tion at some finite time (when phase A is of finite extent and homogenous in composition), the algorithm
can be used to solve the early stages of the problem for which analytical formulae are available. It is then
possible to compare numerical results with the exact solution.

Numerical calculations have therefore been conducted for a system where atomic fractions of 0.4 and 0.2
are taken as values for the interfacial composition in phases A and B, respectively, and where the far-field
value is 0.3. For a geometry where R = 1 and Dg = 1, the model was initialised using the exact profiles for a
time of 0.0001 (in the planar case) and 0.025 (in the spherical case) and run with a various meshes. Some of
the associated results are presented in Fig. 4.

According to Eq. (15), the interface position should vary with the square root of time. This behaviour is
reflected in both Figs. 4(a) and (b). However, there are some inaccuracies in the predictions. These arise due
to the finite difference approximations used for (4)—(6); naturally, the magnitudes of the errors depend on
the discretisation, as well as the overall accuracy of the numerical scheme.
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Fig. 4. For particular initial and boundary conditions, an exact solution is available. The interface position is predicted to vary with
the square root of time; numerical results are in reasonable agreement: (a) planar geometry, (b) spherical geometry.

In order to investigate the way in which particular choices for the timestep affect the accuracy of predic-
tions, a very large number of nodes (10000) was fixed, and calculations repeated for a various different
timesteps. For each set of calculations, the difference between the numerical predictions and the exact solu-
tion was calculated; associated data are presented in Fig. 5. Further increases to the spatial resolution were
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Effect of timestep on accuracy of planar model
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Fig. 5. The accuracy of the model is strongly influenced by the magnitude of the timestep. These results indicate that the algorithm is at
least of first order accuracy: (a) planar geometry, (b) spherical geometry.
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Fig. 6. The accuracy of the model is also affected by the choice of spacestep: the algorithm is first order accurate in space: (a) planar
geometry, (b) spherical geometry.
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found to have no discernable effect on the accuracy of the algorithm, indicating that the errors shown in
Fig. 5 are dominated by the coarse discretisation of time.

For both geometries, decreasing the timestep improves the accuracy of the model: halving the timestep
decreases the error by a factor of approximately two. This demonstrates that the algorithm is first order
accurate in time. In fact, the planar model performs rather better than that, as halving the timestep reduces
the error by a factor slightly greater than two.

In Fig. 6, the error in the solution calculated by the numerical algorithm is shown for various dif-
ferent spacesteps. Because it uses a transformed co-ordinate system, the spatial variables u# and v are
discretised rather than real space. Since the analytical solution with which the numerical model is being
compared is only valid when phase A is uniformly at its equilibrium concentration, ca, the behaviour
of the numerical system is determined purely by the spacing between nodes in phase B, dv. The results
clearly indicate that increasing the number of points in phase B (i.e. decreasing dv) means that more
accurate solutions can be calculated. As might be expected of a model that uses simple up/down-wind
approximations, the algorithms describing both the planar and the spherical geometries are first order
accurate in space.

As previously mentioned, one advantage of discretising the problem in transformed space is that the
meshes automatically adjust themselves to accommodate the moving interface position. It is therefore pos-
sible to impose irregular meshes with fine resolution in regions where large concentration gradients are ex-
pected (near to the interface, for example) and larger spacesteps elsewhere. The results plotted in Fig. 4
correspond to calculations completed using both irregular and regular meshes. It is clear that, for a given
number of discretisation points, it is possible to find significantly more accurate solutions by using irregular
meshes. In this way, errors can be reduced without requiring any extra computational effort.

5. Summary

Certain industrial procedures involve diffusion in two-phase binary systems, a process which can be de-
scribed mathematically by a system of three differential equations. Although the equations themselves are
simple, the analysis of the problem is complicated by the fact that the interface between the two phases can
move. Few analytical solutions to this type of problem are available; methods of finding numerical approx-
imations are therefore of interest.

Two broad approaches to the modelling of diffusion-controlled phase changes have been identified in the
literature. In the first, a fixed discretisation of space is imposed and the motion of the interface is tracked
across this mesh. Models of this type [14-19,30] do not involve complicated mathematics. However, this
method of discretisation means that it is difficult to model the motion of the interface very precisely.
The overall accuracy of these numerical solutions is consequently unclear. To overcome these difficulties,
it is possible to treat the chemical activity instead of concentration [20,21]. But doing so precludes the mod-
elling of important phenomena, where the concentration away from the interface lies in the two-phase
region.

An alternative approach, which is capable of handling this situation, uses a discretisation of space which
varies according to the motion of the interface. This essentially amounts to re-formulating the problem in
terms of another spatial co-ordinate system in which the positions of all of the boundaries are fixed. Models
of this type [9,26-29] have the advantage that, although the governing equations are rendered more com-
plicated, well known techniques can be used to solve them. It is then possible to calculate accurate solutions
more easily than would otherwise be the case.

Solute fluxes near the interface affect both the motion of the interface and the evolution of the concen-
tration profile. All previous work has developed finite difference equations to describe either problem inde-
pendently. For this reason, none of the existing numerical solutions conserve solute. This is clearly a source
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of inaccuracy, since the conservation of solute is a physical requirement of the exact solution to the moving
boundary problem.

In the present work, a fully implicit, conservative finite difference scheme has been developed to solve the
system of differential equations associated with two-phase diffusion-controlled moving boundary problems.
It can be used to describe the behaviour of binary systems in planar, cylindrical or spherical geometries. The
basis upon which the model could be extended to model two- (or three-) dimensional geometries is well
established [12].

Issues pertaining to the efficient implementation of the algorithm have been addressed. In particular, it
has been possible to solve most problems of interest by de-coupling the three problems (interface motion,
diffusion in phase A and diffusion in phase B). This means that the problems are treated sequentially, rather
than simultaneously, in which case efficiency can be further improved by linearising the equation that de-
scribes the way in which the interface moves.

Numerical results indicate that the algorithm does indeed conserve solute and is of first order accuracy in
both space and time. Predictions are in close agreement with the available analytical solutions. The com-
puter source code that was used to produce the results presented here is freely available for download from
the Materials Algorithm Project website: (http://www.msm.cam.ac.uk/MAP).
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